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1 Fatou’s Theorem and the Riesz-Herglotz Theorem

1.1 Fatou’s theorem, continued

Last time, we were in the middle of proving Fatou’s theorem.

Theorem 1.1 (Fatou). Let u be harmonic in D and bounded. Then the radial limits
lim,_,1- u(rz) exist for a.e. z € 0D (with respect to 1-dimensional) Lebesgue measure on
the circle. If w = f € Hol(D) and f(z) = lim,_,;- f(rz) vanishes on a set of positive
measure (on the circle), then f = 0.

Proof. We have shown that there exists g € L>°(9D) such that
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Let €' € D be a Lebesgue point of g:
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We claim that the radial limit lim,_,; u(re’®) exists an equals g(e’®). This will establish
the theorem, as a.e. point in 0D is a Lebesgue point of g. We can assume that o« = 0 and
that g(e’®) = 0 (otherwise consider u(e’*?) — g(e’@)). Thus,

L7 g dg = 0
_— (&
3p ) p =0,

and we want to show that u(x) — 0 as x — 1~ along R.
Plugging in the formula for the Poisson kernel,
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The contribution to this integral coming from fﬂ/2<|sﬂ|<7r — 0, as P(x,e") — 0 uniformly
in ¢. Estimate the contribution from |p| < 7/2: Writing § = 1 — z,
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We get
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Given € > 0, take A large so that C/A < ¢ for all 0 < § < Jdp(e). For § small enough,
fIw\SW/2 P(xz,e%)|g(e’?)|dp < Te. Thus, u(xr) — 0 as z — 17. Thus, for a.e. z € 9D,
lim,_,; u(rz) exists and equals g(z).

For the latter part of the theorem, assume now that f € Hol(D) is bounded. Then
for a.e. z € 9D, lim,_; f(rz) =: f(z) € L*°(0D). We claim that if f(z) = 0 on a set of
positive measure in 0D, then f(z) =0 in |z| < 1. The function log |f| is subharmonic in
D, so
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is an increasing function. For any 0 < r < 1, using Fatou’s lemma,
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If f # 0, we can conclude that the integral > —oco. So log|f| € L1(0D), so {f = 0} is a
Lebesgue null set in dD. O
1.2 Representing harmonic functions by measures

We have been looking at functions u such that
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for some g € L™®. Let’s try to replace g € L™ by g € L' or by a (Borel, regular, Radon)
measure dy on 9D.

Theorem 1.2 (F. Riesz-Herglotz). Let u be a measure on 0D, and let
u :/ P(z,w)du(w), |z| < 1.
|w|=1

Then w is harmonic in D, and the function r — f|Z|=1 lu(rz)| |dz| is bounded on [0,1). If

ur(z) = u(rz), then u, =l w in the following weak sense: for any ¢ € C(0D),
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Conversely, let u be harmonic in D such that f‘z|:1 lu(rz)||dz| < C for all 0 < r < 1.
Then there exists a unique measure p on 0D such that

u(z) = /|w|1p(z’w) du(w) |2 < 1.

Moreover, u, — p in the same weak sense.

Example 1.1. Let v > 0 be harmonic. Then the theorem applies, so
uG) = [ Plew)duu),
|lw|=1

where p is a positive measure.
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